Kink interactions in $SU(N)\times Z_2$ by Pogosian, Levon
ar
X
iv
:h
ep
-th
/0
11
12
06
v3
  2
0 
Fe
b 
20
02
Kink interations in SU(N)× Z2
Levon Pogosian
Theoretial Physis, The Blakett Laboratory, Imperial College,
Prine Consort Road, London SW7 2BZ, United Kingdom.
There are N − 1 lasses of kink solutions in SU(N) × Z2. We show how interations between
various kinks depend on the lasses of individual kinks as well as on their orientations with respet
to eah other in the internal spae. In partiular, we nd that the attrative or repulsive nature
of the interation depends on the trae of the produt of harges of the two kinks. We alulate
the interation potential for all ombinations of kinks and antikinks in SU(5)× Z2 and study their
ollisions. The outome of kink-antikink ollisions, as expeted from previous studies, is sensitive
to their initial relative veloity. We nd that heavier kinks tend to break up into lighter ones,
while interations between the lightest kinks and antikinks in this model an be repulsive as well as
attrative.
I. INTRODUCTION
Topologial defets are observed in ondensed matter
systems and may have been formed during phase transi-
tions
1
at early stages in the history of the universe [1℄.
If observed, they would provide invaluable information
about the universe when it was a tiny fration of a se-
ond old. If not observed, topologial defets still play an
important role by plaing onstraints on partile physis
models and osmology. The formation and saling of a
network of defets strongly depends on how they interat
among themselves. This, in turn, will aet the type and
the strength of restritions that observations (or the lak
thereof) an impose on the underlying model. Another
ontext, in whih interations between defets are impor-
tant, is the possible onnetion between elementary par-
tiles and solitoni solutions of lassial eld equations
[2℄.
In addition to the more general reasons given above,
understanding how the SU(N)×Z2 domain walls interat
ould be important in the light of the orrespondene,
found by Vahaspati [3℄, between the spetrum of SU(5)
monopoles and the spetrum of one family of fermions in
the Standard Model. Interations between SU(N) × Z2
kinks may also be relevant to the solution of the monopole
over-abundane problem based on sweeping monopoles
with domain walls as proposed in [4℄.
Previous work on interations between kinks has
mainly onentrated on the sine-Gordon and the φ4 mod-
els in (1+1) dimensions [5, 6, 7, 8, 9, 10, 11, 12℄. Even a
relatively simple system of a φ4 kink interating with an
antikink an have rather non-trivial dynamis, whih is
one of the reasons why so many researhers have worked
on this problem in the past. The fore between kinks and
antikinks of the φ4 model is always attrative. The out-
ome of their ollision an be one of the three types: they
an annihilate, they an satter o eah other or they an
form an intermediate bound state before ultimately sep-
1
Here, the term phase transition inludes ontinuous transitions
alled rossovers.
arating or annihilating. The general tendeny is that at
low ollision veloities kinks tend to annihilate and at
higher veloities they satter. However, the dependene
of the outome on the inident veloity is rather non-
linear, as was found in [5, 6, 7, 8, 9, 10℄ and investigated
in detail in [12℄. Namely, it was found that, over a rela-
tively small range of initial veloities, intervals of initial
veloity for whih kink and antikink apture eah other
alternate with regions for whih the interation onludes
with esape to innite separations. In [12℄, this alterna-
tion phenomenon was attributed to a nonlinear resonane
between the orbital frequeny of the bound kink-antikink
pair and the frequeny of harateristi small osillations
of the eld loalized at the moving kink and antikink
enters.
In this work, when disussing interations between
kinks, we will aim to onentrate on issues that are
unique to SU(N) × Z2 and will refer to earlier work
when a problem an be redued to that of kinks in the φ4
model. In partiular, we will show that in SU(N) × Z2
kinks an repel as well as attrat.
This paper is organized as follows. In Se. II we give a
brief overview of kink solutions in SU(N)× Z2. In Se.
III we develop a framework in whih SU(N) × Z2 kink
interations an be disussed and show a simple way of
determining whether a given pair of kinks will attrat or
repel. In Setions IV and V we study the kink-antikink
interations in SU(5) × Z2. Results are summarized in
Se. VI
II. KINKS IN SU(N) × Z2
Consider a (1+1)-dimensional model of a salar eld
Φ transforming in the adjoint representation of SU(N),
with N taken to be odd and with the additional Z2 sym-
metry that takes Φ to −Φ. The Lagrangian is
L = Tr(∂µΦ)
2 − V (Φ) , (1)
2where V (Φ) is suh that Φ has an expetation value ΦV
that an be hosen to be
ΦV = η
√
2
N(N2 − 1)
(
n1n+1 0
0 −(n+ 1)1n
)
, (2)
where 1p is the p × p identity matrix, N ≡ 2n + 1 and
η is an energy sale determined by the minima of the
potential V . Suh an expetation value spontaneously
breaks the symmetry down to:
H = [SU(n+ 1)× SU(n)× U(1)]/[Zn+1 × Zn] . (3)
Various types of kink solutions in this model are de-
ned by hoies of the boundary onditions at x = −∞
and x = +∞, where x is the spae oordinate. It was
proved in [13℄ that for a kink solution to exist one must
neessarily have [Φ(−∞),Φ(+∞)] = 0. This allows one
to list all the possible boundary onditions (up to gauge
rotations) that an lead to kink solutions. We an x
ΦL ≡ Φ(−∞) = ΦV given in Eq. (2). Then we an have
ΦR ≡ Φ(+∞) = ǫT η
√
2
N(N2 − 1)×
diag(n1n+1−q,−(n+ 1)1q, n1q,−(n+ 1)1n−q) , (4)
where we have introdued a parameter ǫT = ±1 and an-
other q = 0, ..., n. The label ǫT is +1 when the boundary
onditions are topologially trivial and is −1 when they
are topologially non-trivial. q tells us how many diago-
nal entries of ΦL have been permuted in ΦR. The ase
q = 0 is when ΦR = ǫTΦL. As was suggested in [13℄,
the lowest energy stable topologial (ǫT = −1) kink solu-
tion orresponds to q = n. Topologial q = n kinks were
studied in detail in [15, 16℄.
The most general ansatz for the kink solution was
found in [13℄ and an be written as:
Φk = F+(x)M+ + F−(x)M− + g(x)M , (5)
where
M+ =
ΦR +ΦL
2
, M− =
ΦR − ΦL
2
. (6)
and, for q 6= 0 and q 6= n,
M = µ diag(q(n− q)1n+1−q,−(n− q)(n+ 1− q)1q,
−(n− q)(n+ 1− q)1q, q(n+ 1− q)1n−q) (7)
with
µ = η[2q(n− q)(n+1− q){2n(n+1− q)− q}]−1/2 . (8)
For q = 0 or for q = n, the matrix M is zero. The
boundary onditions for F± and g(x) are:
F−(±∞) = ±1 , F+(±∞) = 1 , g(±∞) = 0 . (9)
One an dene the harge of the kinks as [2℄
Q ≡ 1
η
(Φk(+∞)− Φk(−∞)) , (10)
whih orresponds to a urrent
jµ ≡ 1
η
εµν∂νΦ , (11)
where µ, ν = 0, 1, and εµν is the antisymmetri tensor.
The denition (10) of Q an be used for non-topologial
kinks as well as topologial ones.
III. KINK INTERACTIONS IN SU(N)× Z2
Consider two kinks, K(1) and K(2), separated by a dis-
tane whih is larger than their ore sizes. The lasses to
whih the two kinks belong, as well as the global topol-
ogy of the two-kink onguration, are determined by the
hoies of the three vaua:
• Φ− at x = −∞,
• Φ0 in between the two kinks,
• Φ+ at x = +∞ .
Let indies (ǫ
(1)
T , q
(1)
) desribe the kink between Φ−
and Φ0, where q
(1)
denotes the kink lass as dened in
Se. II, and ǫ
(1)
T is −1 for topologial and +1 for non-
topologial kinks. Similarly, let (ǫ
(2)
T , q
(2)
) denote the
kink bounded by Φ0 and Φ+. Boundaries Φ− and Φ+ of
the two-kink system an also be desribed using indies
(ǫ
(3)
T , q
(3)
) dened in a similar way . Topology requires
that ǫ
(3)
T = ǫ
(1)
T ǫ
(2)
T . Thus, the two-kink system an be
desribed by (q(1), q(2), q(3), ǫ
(1)
T , ǫ
(2)
T ). This notation is
invariant under global gauge rotations, sine it ontains
only information about how many diagonal entries were
permuted in eah of the vaua Φ−, Φ0 and Φ+ with re-
spet to eah other.
For given values of q(1) and q(2), not all values of q(3)
will generally be allowed. To determine the seletion pro-
edure, let us start with Φ0, in whih q
(1)
diagonal entries
of Φ− were permuted. We want to know how many diag-
onal entries of Φ− an be permuted in Φ+ (i.e. the value
of q(3)) given that q(2) diagonal entries of Φ0 were per-
muted in Φ+. There are n+1 entries with absolute values
equal to n in Φ− (see Eq. (2)), whih we an denote by
A's, and n entries with absolute values equal to (n+ 1),
whih we will denote by B's. We will refer to those A's
and B's of Φ0, that were permuted to form Φ0 out of Φ−,
as hanged, and the ones that were left untouhed as
unhanged. Then, when permuting A's and B's of Φ0
to form Φ+ (q
(2)
permutations ), one has the following
options:
31. Permute a hanged A with a hanged B. This op-
eration will derease the value of q(3) by 1, sine
it will restore the original order of the given pair
of A and B in Φ−. Let q(2)1 denote the number of
possible ways it an be done. Sine there are only
q(1) hanged A's, q(2)1 ≤ min(q(1), q(2)). Also, if
there is a deit of unhanged A's, one is fored to
permute at least (q(2) − n+ q(1) − 1) hanged A′s,
whih means that q
(2)
1 ≥ max(0, q(2)−n+ q(1)− 1).
2. Permute a hanged A with an unhanged B. This
operation does not aet the value of q(3). The
number of possible ways in whih this an be
done, denoted by q
(2)
2 , is limited by the num-
ber of available hanged A's and unhanged B's:
q
(2)
2 ≤ min(q(1) − q(2)1 , n− q(1)).
3. Permute an unhanged A with a hanged B. This
operation also does not hange the value of q(3). It
an be done in q
(2)
3 ways, limited by the number of
available unhanged A's and hanged B's: q(2)3 ≤
min(n− q(1) + 1, q(1) − q(2)1 ).
4. Permute an unhanged A with an unhanged B.
This operation will inrease the value of q(3) by 1,
and an be performed in q
(2)
4 ways, limited by the
number of available unhanged A's and unhanged
B's: q(2)4 ≤ min(n− q(1) − q(2)3 + 1, n− q(1) − q(2)2 ).
In summary, independent of ǫ
(1)
T and ǫ
(2)
T , given q
(1)
and
q(2), the set of possible values of q(3) an be found using
q(3) = q(1) − q(2)1 + q(2)4 , (12)
where we have dened integers q
(2)
i (i = 1, 2, 3, 4) that
an take on all non-negative values allowed by the fol-
lowing seletion rules:
q
(2)
1 + q
(2)
2 + q
(2)
3 + q
(2)
3 = q
(2) ,
max(0, q(2) − n+ q(1) − 1) ≤ q(2)1 ≤ min(q(1), q(2)) ,
0 ≤ q(2)2 ≤ min(q(1) − q(2)1 , n− q(1)) ,
0 ≤ q(2)3 ≤ min(n− q(1) + 1, q(1) − q(2)1 ) ,
0 ≤ q(2)4 ≤ min(n− q(1) − q(2)3 + 1, n− q(1) − q(2)2 ) .(13)
Next we would like to determine whether a given pair
of kinks will attrat or repel. We an use a proedure
whih is analogous to one used by Manton [14℄ in the
ase of the φ4. At large separations, the two-kink ansatz
an be written as:
Φ(x) = Φ
(1)
k (x+ a) + Φ
(2)
k (x− a)− Φ0 , (14)
where Φ
(1)
k (x) is the rst kink solution with Φ
(1)
k (−∞) =
Φ−, Φ
(2)
k (x) is the seond kink solution with Φ
(2)
k (+∞) =
Φ+, Φ0 ≡ Φ(1)k (+∞) = Φ(2)k (−∞) is the vauum in the
region separating the kinks and a > 0 is the distane
from the origin to the enters of the kinks. Using Eqns.
(5) and (10), we an write:
Φ(x) = F
(1)
+ M
(1)
+ +
η
2
F
(1)
− Q
(1) + g(1)M (1)
+F
(2)
+ M
(2)
+ +
η
2
F
(2)
− Q
(2) + g(2)M (2) − Φ0 . (15)
In [13℄ it was shown that funtions F
(1,2)
+ and g
(1,2)
an be
treated as approximately onstant for a relatively wide
range of parameters of a general quarti potential. A
simplied (and, therefore, only approximate) version of
the two-kink ansatz is given by:
Φ(x) ≈ M (1)+ +
η
2
F
(1)
− Q
(1)
+ M
(2)
+ +
η
2
F
(2)
− Q
(2) − Φ0 , (16)
where
M
(1)
+ ≡
Φ− +Φ0
2
, M
(2)
+ ≡
Φ0 +Φ+
2
, (17)
and
F
(1)
− ≈ tanh[σ(x+ a)] , F (2)− ≈ tanh[σ(x− a)] , (18)
where a≫ σ−1 and σ−1 is the width of the wall.
The eld energy-momentum tensor an be derived us-
ing the ation priniple and is given by
T µν = 2Tr[∂µΦ∂νΦ]−ηµνTr[∂σΦ∂σΦ]−ηµνV (Φ) . (19)
Therefore, the momentum density in (1+1) dimensions
is
P ≡ T 10 = −2Tr[Φ˙Φ′] , (20)
where Φ˙ ≡ ∂tΦ and Φ′ ≡ ∂xΦ. One an dene the mo-
mentum of a eld onguration on the interval x1 < x <
x2 as
P = −
∫ x2
x1
2Tr[Φ˙Φ′]dx . (21)
To alulate the fore between the kinks, let us onsider
the initial rate of hange of momentum of a (intially)
stati eld onguration given by the two-kink ansatz:
dP
dt
= −
∫ x2
x1
2(Tr[Φ¨Φ′] + Tr[Φ˙Φ˙′])dx . (22)
One an use eld equations of motion and integrate to
obtain
dP
dt
=
[
− Tr[Φ˙2]− Tr[(Φ′)2] + V (Φ)
]x2
x1
. (23)
Let us hoose x1 ≪ −a and −a≪ x2 ≪ a (e. g. x2 = 0).
That is, we want to estimate the fore on the rst kink
4(the one at x = −a), due to the seond kink. Let us
dene
f ≡ tanh[σ(x + a)] and χ ≡ tanh[σ(x − a)] + 1. (24)
The two-kink ansatz given by (15) an then be re-written
as
Φ(x) ≈ Φ− +Φ+
2
+
η
2
Q(1)f +
η
2
Q(2)(−1 + χ) . (25)
Initially, Φ˙ = 0. Also, within the range x1 < x < x2,
χ(x)≪ 1 and we an perform an expansion in χ. To the
leading order in χ we nd:
dP
dt
≈
[
− η
2
4
Tr[(Q(1))2](f ′)2 − η
2
2
Tr[Q(1)Q(2)]f ′χ′
+
[
V
]
χ=0
+
∑
a
[ ∂V
∂Φa
]
χ=0
χa
]x2
x1
, (26)
where funtions χa are dened by
χa ≡ η
2
[Q(2)]aχ (27)
and oeients [Q(2)]a are dened by
Q(2) =
∑
a
[Q(2)]aT a , (28)
where T a are the SU(N) generators normalized so that
Tr[T aT b] = δab/2. Using the equations of motion gives
dP
dt
≈
[
− η
2
2
Tr[Q(1)Q(2)]f ′χ′ +
∑
a
[Φa′′]χ=0 χ
a
]x2
x1
=
η2
2
Tr[Q(1)Q(2)]
[
− f ′χ′ + f ′′χ
]x2
x1
. (29)
It an be shown that
[
−f ′χ′+f ′′χ
]x2
x1
< 0 for all x1 and
x2 satisfying the onstraints. Thus, the sign of dP/dt,
and the attrative or repulsive nature of the fore, is de-
termined by the sign of Tr[Q(1)Q(2)].
Next we would like to express Tr[Q(1)Q(2)] in terms
of parameters (q(1), q(2), q(3), ǫ
(1)
T , ǫ
(2)
T ) whih dene the
two-kink onguration. We write
Tr[Q(1)Q(2)] =
1
η2
(Tr[Φ−Φ0] + Tr[Φ0Φ+]
− Tr[Φ−Φ+]− Tr[Φ0Φ0]) . (30)
Applying denitions (2) and (4) to boundary onditions
speied by (ΦL,ΦR) we nd:
1
η2
Tr[ΦLΦR] =
2ǫT
N(N2 − 1) [(n+ 1− q)n
2
−2q(1)(n+ 1)n+ (n− q)(n+ 1)2]
=
ǫT
2
[
1− q (2n+ 1)
n(n+ 1)
]
. (31)
Using the above expression and the fat that Tr[Φ0Φ0] =
η2/2 we nd:
Tr[Q(1)Q(2)] =
1
2
(ǫ
(1)
T + ǫ
(2)
T − ǫ(1)T ǫ(2)T − 1)
−(ǫ(1)T q(1) + ǫ(2)T q(2) − ǫ(1)T ǫ(2)T q(3))
(2n+ 1)
2n(n+ 1)
. (32)
One an see, for example, that in the ase of a topologial
kink interating with a topologial antikink (ǫ
(1)
T = −1
and ǫ
(2)
T = −1) both, attration and repulsion, are possi-
ble depending on the hoies of q(1), q(2) and q(3). This is
a novel feature, when ompared to the lassial φ4 ase
[2℄, where the fore between a kink and an antikink is
always attrative. An analogous situation is found in the
ase of interations between global O(3) monopoles [17℄.
There, attration or repulsion between a monopole and
an antimonopole is determined not by their topologial
harges but by the relative phase of their eld ongura-
tions.
Our derivation of the fat that the sign of Tr[Q(1)Q(2)]
determines whether kinks will attrat or repel was inde-
pendent of a partiular form of V (Φ). We did, however,
rely on ertain approximations in the derivation that may
not be valid for some extreme hoies of V (Φ). Our nu-
merial investigation of kink interations in SU(5) × Z2
with a general quarti potential has always yielded an
agreement between the sign of Tr[Q(1)Q(2)] and the over-
all sign of the interation potential.
In the next setion we onsider the N = 5 ase and
study interations between kinks and antikinks in more
detail.
IV. KINK INTERACTIONS IN SU(5) × Z2
Let us onsider the (1+1)-dimensional model of a
salar eld Φ transforming in the adjoint representation
of SU(5)× Z2. We will take the potential to be
V (Φ) = −m2Tr[Φ2] + h(Tr[Φ2])2 + λTr[Φ4] + V0 , (33)
with parameters suh that the vauum expetation value
(VEV) of Φ breaks the symmetry spontaneously to
[SU(3)× SU(2)× U(1)]/[Z3 × Z2]. This happens in the
parameter range
h
λ
> − 7
30
, λ > 0. (34)
The VEV an be hosen to be ΦV =
η diag(2, 2, 2,−3,−3)/(2√15), where
η ≡ m√
λ′
(35)
and
λ′ ≡ h+ 7
30
λ . (36)
5Tr[Q(1)Q(2)] for q(3) = 0 q(3) = 1 q(3) = 2
q(1) = 0, q(2) = 0 −2 (A) × ×
q(1) = 0, q(2) = 1 × − 7
6
(A) ×
q(1) = 0, q(2) = 2 × × − 1
3
(A)
q(1) = 1, q(2) = 1 − 7
6
(A) −
3
4
(A) −
1
3
(A)
q(1) = 1, q(2) = 2 × − 1
3
(A) + 1
12
(R)
q(1) = 2, q(2) = 2 − 1
3
(A) + 1
12
(R) ×
Table I: Tr[Q(1)Q(2)] evaluated for dierent hoies of the
topologial kink - topologial antikink onguration in SU(5).
(A) denotes attrations, (R) - repulsion and × - means that
the arrangement is impossible.
The onstant V0 = m
2η2/4 in Eq. (33) ensures that
V (ΦV ) = 0.
We will study interations between topologial kinks
and antikinks (ǫ
(1)
T = −1, ǫ(2)T = −1) with all possi-
ble hoies for indies q(1), q(2) and q(3), as dened in
Setion II. We will not onsider interations between
non-topologial kinks nor interations of non-topologial
kinks with topologial ones. Our initial onguration will
be that of two well-separated solitons moving towards
eah other. From here on, we will label suh ongura-
tions with three indies, (q(1), q(2), q(3)), and it will be
assumed that ǫ
(1)
T = ǫ
(2)
T = −1.
In this model, only the q = 2 topologial kink solution
is stable. It also has the smallest energy of all kinks.
However, we will not restrit the analysis to q = 2 kinks,
as interations between all types of kinks antikinks ould
be potentially interesting.
We start by evaluating Tr[Q(1)Q(2)] for all possible
hoies of the onguration of a kink and an antikink
using Eq. (32). As we have shown in Setion III, this
whould tells us whether the two kinks will attrat or re-
pel. The results are given in Table I and show that there
are two possible ombinations in whih there is a repul-
sive fore between the solitons.
We would like to evaluate the interation energy be-
tween dierent lasses of kinks and antikinks in SU(5)×
Z2. The ases when analytial kink solutions are known
are the q = 0 kink and, for the speial value h/λ =
−3/20, the q = 2 kink [15, 16℄. The q = 0 kink solution
is the same as in the φ4 model, sine in this ase the only
non-zero omponent of Φ is the one along ΦV , that is
Φ = φ(x)ΦV /η, and the potential takes the same form as
in the φ4 theory:
V =
λ′
4
(φ2 − η2)2 . (37)
Therefore, the interation potential between q = 0 kinks
and antikinks will be idential to the one found in the φ4
model [10℄.
Let us next onsider q = 2 kinks and antikinks. Con-
sider a kink at x = −a and an antikink at x = a, with
a > 0, eah moving with a veloity v direted towards
the origin. For values of a larger than the ore sizes of
two kinks the following ansatz is valid:
ΦKK¯(x) = ΦK(x+ a) + ΦK¯(x − a)− Φ0, (38)
where Φ0 = ΦK(+∞) = ΦK¯(−∞) is the eld in between
the two kinks. For h = −3λ/20 and q = 2 the kink
solution is known [15, 16℄:
Φq=2(x) =
[1− tanh(σx)]
2
Φ−+
[1 + tanh(σx)]
2
Φ+ , (39)
where σ = m/
√
2. The ansatz for the kink and antikink
an then be written as
ΦKK¯(x) =
[1− FK ]
2
Φ− +
[1 + FK ]
2
Φ0
+
[1− FK¯ ]
2
Φ0 +
[1 + FK¯ ]
2
Φ+
− Φ0 , (40)
where Φ− = ΦKK¯(−∞), Φ0 = ΦKK¯(0), Φ+ =
ΦKK¯(+∞),
FK = tanh[σγ(x+ a)], (41)
FK¯ = tanh[σγ(x− a)], (42)
and γ = 1/
√
1− v2 is the Lorentz fator.
The total energy of the ansatz (40) is a sum of the gra-
dient and the potential energies obtained by integrating
orresponding energy densities along the spae diretion
x:
E = G+ P , (43)
where
G =
∫ +∞
−∞
dx Tr(∂xΦKK¯)
2 , (44)
P =
∫ +∞
−∞
dx{−m2Tr(ΦKK¯)2 + h
(
Tr(ΦKK¯)
2
)2
+λTr(ΦKK¯)
4 +
m2η2
4
} (45)
At rst let us onsider a q = 2 kink and a q = 2
antikink suh that ΦK(−∞) = ΦK¯(+∞) (the q(1) = 2,
q(2) = 2, q(3) = 0 ase in Table I). A possible set of
boundary onditions orresponding to this ase is:
Φ− =
η
2
√
15
diag(2, 2, 2,−3,−3) ,
Φ0 =
η
2
√
15
diag(3, 3,−2,−2,−2) ,
Φ+ =
η
2
√
15
diag(2, 2, 2,−3,−3) . (46)
6Using these boundary onditions in Eq.(40) and substi-
tuting latter into Eqns. (44) and (45) gives
G =
∫ +∞
−∞
dX
m3γ√
2λ
(∂XFK − ∂XFK¯)2 ,
P =
∫ +∞
−∞
dX
m3√
2λγ
[
(FK − FK¯)4
− 4(FK − FK¯)3 + 4(FK − FK¯)2
]
, (47)
where X = γmx/
√
2 and we have taken h/λ = −3/20.
Evaluating integrals in Eq.(47) and using R =
√
2γma
yields
G =
4
√
2m3γ
λ
[1
3
+
sinhR −R coshR
sinh3R
]
,
P =
4
√
2m3
λγ
[1
3
+
1
sinh3R
{e−3R(3
2
+R)
e−R(
7
2
R− 1
2
) + eR(
1
2
R− 1)}] . (48)
As expeted, at R = ∞ the total energy is equal to the
sum of the two kink masses (2×4√2m3/(3λ))[15℄ divided
by the Lorentz fator. Subtrating E(∞) from E(R) =
G(R)+P (R) leaves only the interation part of the total
energy:
U0(R) =
4
√
2m3γ
λ sinh3R
(
sinhR −R coshR
+
1
γ2
[
e−3R(
3
2
+R) + e−R(
7
2
R− 1
2
)
+eR(
1
2
R− 1)]) (49)
The dependene of U0(R) on R for γ = 1 is shown as
a solid line in Fig. 1. It learly indiates an attration
between the kink and the antikink.
The validity of the ansatz (38) annot be justied for
small values of R. To test the analytial result, we have
evaluated the interation energy numerially by expliitly
integrating the full set of equations of motion and evalu-
ating the spatial integral over the gradient and potential
energy densities at eah time step. The separation R be-
tween the kinks was dened as the distane between the
maxima of their potential energy densities. The shape
of the found interation potential was similar to the one
given by Eq. (49), not only for h/λ = −3/20, but for all
onsidered values of the parameter: −7/30 < h/λ < 100.
The interation potential for walls with dierent values
of γ > 1 was also qualitatively the same.
Next, let us onsider the interation of a q = 2 kink and
a q = 2 antikink but with ΦK(−∞) 6= ΦK¯(+∞). This
would orrespond to the (q(1) = 2, q(2) = 2, q(3) = 1)
ase in Table I. Keeping Φ− and Φ0 the same as in Eq.
(46) we an hoose Φ+ to be
Φ+ =
η
2
√
15
diag(2, 2,−3,−3, 2) . (50)
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Figure 1: Interation potentials U0, given by Eq. (49) (solid
line), and U1, given by Eq. (52) (dotted line), for γ = m =
λ = 1.
This hoie of boundary onditions leads to
G =
∫ +∞
−∞
dX
m3γ√
2λ
(
2∂XF
2
K + ∂xFK∂XFK¯ + 2∂xF
2
K¯
)
,
P =
∫ +∞
−∞
dX
m3
8
√
2λγ
[
8(FK − FK¯)4 + 8(FK − FK¯)3
− 13(FK − FK¯)2 − 30(FK − FK¯)(1− FKFK¯)
+ 40FKFK¯(F
2
K + F
2
K¯ − 2) + 10FKFK¯(1− FKFK¯)
+ 35(1− F 2KF 2K¯)
]
. (51)
Performing the integration and subtrating E(∞) gives
the interation potential between the two walls:
U1(R) =
√
2m3γ
λ sinh3R
(
R coshR− sinhR
+
1
8γ2
[
e−3R(3 + 7R)− e−R(11 + 13R)
+eR(8− 4R)]) (52)
We nd that in this ase, the interation potential is
purely repulsive. The dependene of U1(R) on R for
γ = 1 is shown as a dashed line in Fig. 1. The ex-
at numerial evaluation of the interation energy of this
kink-antikink system, using the method outlined above,
did not show qualitative deviations from U1(R) for all
onsidered values of h/λ and γ.
The two ongurations: (q(1) = 2, q(2) = 2, q(3) = 0)
and (q(1) = 2, q(2) = 2, q(3) = 1), as well as the well-
studied φ4-equivalent ase (q(1) = 0, q(2) = 0, q(3) = 0),
7are the only ones for whih analytial kink solutions are
known. Other ongurations from Table I were treated
only numerially. For all onsidered hoies of parame-
ters and veloities, we did not see any deviation from the
preditions for the attration or repulsion given in Table
I.
V. SU(5) × Z2 KINK-ANTIKINK COLLISIONS
In this setion we will study kink-antikink ollisions.
Even in the simple ase of a φ4 kink olliding with an
antikink the variety of possible outomes is surprisingly
rih [5, 6, 7, 8, 9, 10, 12℄. Depending on the inident ve-
loity, the two kinks an annihilate, or they an boune
o eah other and never meet again, or they an form
an intermediate bound state, namely, they an boune
o eah other several times before ultimately separating
or annihilating. The dependene on the inident veloity
is rather non-trivial, as was found in [5, 6, 7, 8, 9, 10℄
and investigated in detail in [12℄. Namely, it was found
that, over a relatively small range of initial veloities,
intervals of initial veloity for whih kink and antikink
apture eah other alternate with regions for whih the
interation onludes with esape to innite separations.
In [12℄, this alternation phenomenon was attributed to a
nonlinear resonane between the orbital frequeny of the
bound kink-antikink pair and the frequeny of harater-
isti small osillations of the eld loalized at the moving
kink and antikink enters.
We will not attempt a study of exat dependene of
outomes of kink-antikink ollisions on initial veloities.
The reason is that in SU(5) × Z2 there are too many
possible ombinations and there is an additional param-
eter, h/λ, whih an possibly aet the stability of kink
solutions and the outome of kink-antikink ollisions. In-
stead, we will desribe the outomes for eah of the om-
binations listed in Table I and illustrate the most inter-
esting ones
2
.
In order to study the ollisions, we need to integrate the
eld equations of motion forward in time. Without loss
of generality, we an hoose the initial kink-antikink on-
guration to be diagonal [13℄. Sine equations of motion
preserve the diagonal form, one only needs to onsider
the evolution of four funtions: a(x, t), b(x, t), c(x, t) and
d(x, t), dened as:
Φ(x, t) = a(x, t)λ3+b(x, t)λ8+c(x, t)τ3+d(x, t)Y , (53)
where λ3, λ8, τ3 and Y are the diagonal generators of
SU(5):
λ3 =
1
2
diag(1,−1, 0, 0, 0) ,
2
Several animated kink ollisions an be viewed at
http://theory.i.a.uk/∼LEP/su5kinks.html .
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Figure 2: Kink-antikink ollision in the (q(1) = 0, q(2) = 0,
q(3) = 0) ase, in the parameter range when q = 0 kink is un-
stable. The solid line shows the initial energy density prole
and the dotted line - the nal. The right moving q = 0 kink
ollapsed into a q = 2 kink going to the left and the remainder
q = 1 non-topologial (ǫT = 1) kink moving to the right. The
originally left moving q = 0 antikink splits into a right mov-
ing q = 2 antikink and a left moving q = 1 non-topologial
kink. The arrows show diretions and approximate relative
magnitudes of kink veloities.
λ8 =
1
2
√
3
diag(1, 1,−2, 0, 0),
τ3 =
1
2
diag(0, 0, 0, 1,−1) ,
Y =
1
2
√
15
diag(2, 2, 2,−3,−3) . (54)
As mentioned in Setion III, the q = 0 wall is idential
to the kink of the simplest φ4-model. The q = 0 solution,
however, is known to be loally unstable against pertur-
bations along diagonal omponents of Φ in the parameter
range h/λ > −3/20 [4℄. The outome of the q = 0 kink-
antikink ollision will, therefore, depend on h/λ as well as
on vinitial. In Fig. 2 and Fig. 3 we illustrate the ollision
for vinitial = 0.05 and h/λ = 0. Just before the ollision,
both the kink and the antikink ollapse. More detailed
analysis of funtions a, b, c and d in Fig. 3 reveals that
the q = 0 kink, initially moving to the right, has ollapsed
into a q = 2 kink, moving to the left, and the remainder
q = 1 non-topologial (ǫT = 1) kink, moving to the right.
The originally left moving q = 0 antikink has split into
a right moving q = 2 antikink and a left moving q = 1
non-topologial kink. The q = 2 kinks will separate to
innities, while the fate of q = 1 non-topologial kinks
needs more explanation. As was found in [13℄, the q = 1
non-topologial kink is unstable against a ollapse into a
pair of q = 2 kinks. Therefore, depending on the values of
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Figure 3: Funtions a(x, t) (dotted line), b(x, t) (short dash
line), c(x, t) (long dash line) and d(x, t) (solid line), dened
in Eq. (53) at the same nal snapshot as in Fig. 2.
vinitial and h/λ, the non-topologial q = 1 kinks (in the
enter of Fig. 2) an either immediately deay into radi-
ation, or they an split into pairs of q = 2 kinks moving
away from eah other. We found that the latter was the
ase for the hoie of parameters orresponding to Fig.
2 and Fig. 3. For −3/20 < h/λ < −3/70, when q = 0
kinks are loally stable, outomes of their ollisions are
the same as in the ase of kinks and antikinks in φ4 model,
the ase studied extensively in [5, 6, 7, 8, 9, 10, 11, 12℄.
Fig. 4 illustrates a ollision of a q = 1 kink (initially
on the left) with a q = 0 antikink (initially on the right).
The parameters are vinitial = 0.2, η = 1, λ = 0.5 and
h/λ = −0.1. The q = 0 kink is unstable for these pa-
rameters. The mass of the q = 0 kink is 2
√
2m3/λ′ [2℄
and, for our hoie of parameters, is equal to 0.243. The
q = 1 kink mass an only be found numerially and is
0.150. For omparison, the mass of the q = 2 kink with
these parameters would be 0.033 - almost one fth the
mass of the q = 1 kink. We nd that, during the olli-
sion, the q = 0 kink ollapses into a q = 2 kink traveling
to the right and a q = 1 non-topologial kink traveling
to the left. At the same time, the original q = 1 kink
ollapses into three q = 2 kinks, with outer kinks moving
away from eah other. The nal onguration is that of
four q = 2 kinks arranged so that the two left most kinks
and the two right most kinks form (q(1) = 2, q(2) = 2,
q(3) = 1) ombinations, while the two inner kinks form a
(q(1) = 2, q(2) = 2, q(3) = 0) ombination. The rest of
the original energy is radiated away.
In Fig. 5 the initial onguration is (q(1) = 0, q(2) = 2,
q(3) = 2). In this ase, the q = 0 antikink (initially
on the right) splits into a q = 2 topologial antikink,
whih starts interating with the q = 2 kink, and a q = 1
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Figure 4: Kink-antikink ollision in the (q(1) = 1, q(2) = 0,
q(3) = 1) ase. The solid line shows the initial energy density
prole and the dotted line - the nal. After the ollision,
there are four q = 2 kinks arranged so that the left most and
the right most pairs of kinks form (q(1) = 2, q(2) = 2, q(3) =
1) ombinations and the two inner kinks form a (q(1) = 2,
q(2) = 2, q(3) = 0) ombination. The rest of the original
energy is being radiated away. The arrows show diretions
and approximate relative magnitudes of kink veloities.
non-topologial kink, whih keeps propagating to the left
unperturbed. Another way to desribe this interation
is that the q = 2 wall has met its q = 2 reetion in
the q = 0 wall and formed a omplex with it, while the
remainder wall is radiated away.
The (q(1) = 1, q(2) = 1, q(3) = 0) ase has essentially
the same set of possible outomes as the (q(1) = 0, q(2) =
0, q(3) = 0) and will not be onsidered here.
Fig. 6 illustrates the outome of the kink-antikink ol-
lision with the initial (q(1) = 1, q(2) = 1, q(3) = 1) ong-
uration. The parameters were hosen to be h/λ = −0.1
and vinitial = 0.2. The nal onguration is that of two
q = 2 kinks, arranged in a (q(1) = 2, q(2) = 2, q(3) = 1)
ombination, moving away from eah other.
The outome of a (q(1) = 1, q(2) = 1, q(3) = 2) ollision
with h/λ = −0.1 and vinitial = 0.2 is shown in Fig. 7.
The nal onguration is that two (q(1) = 2, q(2) = 2,
q(3) = 1) ombinations moving away from eah other.
The (q(1) = 1, q(2) = 2, q(3) = 1) ase with h/λ = −0.1
and vinitial = 0.1 is illustrated in Fig. 8. Just before the
ollision, the q = 1 kink (originally on the left) ollapses
into three q = 2 kinks, with two outer kinks having large
kineti energies. Thus, an intermediate onguration is
that of four q = 2 kinks, inluding the initial one (origi-
nally on the right). The two right most q = 2 kinks are in
a (q(1) = 2, q(2) = 2, q(3) = 0) ombination and, depend-
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Figure 5: Kink-antikink ollision in the (q(1) = 0, q(2) = 2,
q(3) = 2) ase. Resulting onguration (dotted line) is that
of a non-topologial q = 1 kink moving to the left, while
the q = 2 kink has aptured its mirror image (the q = 2
antikink) originally ontained in the inident q = 1 wall.
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Figure 6: The (q(1) = 1, q(2) = 1, q(3) = 1) ase with
h/λ = −0.1 and vinitial = 0.2. The nal onguration is that
of two q = 2 kinks, arranged in a (q(1) = 2, q(2) = 2, q(3) = 1)
ombination, moving away from eah other.
ing on the initial veloity, may annihilate or hase eah
other forever. The two left most walls are in a (q(1) = 2,
q(2) = 2, q(3) = 1) arrangement.
A q(1) = 1 kink and a q(2) = 2 antikink arranged in
a (q(1) = 1, q(2) = 2, q(3) = 2) ombination repel. For
h/λ = −0.1 and vinitial = 0.15 they satter elastially.
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Figure 7: The (q(1) = 1, q(2) = 1, q(3) = 2) ase with
h/λ = −0.1 and vinitial = 0.2. The nal onguration is that
two (q(1) = 2, q(2) = 2, q(3) = 1) ombinations moving away
from eah other.
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Figure 8: The (q(1) = 1, q(2) = 2, q(3) = 1) ase with
h/λ = −0.1 and vinitial = 0.1. There are four q = 2 kinks left
as a result of the ollision.
The lighter q = 2 kink (initially on the right) bounes o
the heavier q = 1 kink and slows it down.
The remaining two ombinations from Table I are
(q(1) = 2, q(2) = 2, q(3) = 0) and (q(1) = 2, q(2) = 2,
q(3) = 1). Sine these are the only two initial om-
binations that involve stable kinks and antikinks, they
would be the most important ones if one studied evolu-
tion of domain wall networks after the formation. How-
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Figure 9: The elasti sattering in the (q(1) = 1, q(2) = 2,
q(3) = 2) ase with h/λ = −0.1 and vinitial = 0.1.
ever, these two are also the most uninteresting ombi-
nations from the novelty point of veiw. In the ase of
(q(1) = 2, q(2) = 2, q(3) = 0), the dynamis and possible
outomes are qualitatively idential to the ase of kink-
antikink ollision in the simple φ4 model. Namely, we
observe a dependene on the inident veloity similar to
that found in Refs. [5, 6, 7, 8, 9, 10, 12℄. The dierene is
that in the ase of SU(5) the value of the inident velo-
ity leading to a given outome depends on the parameter
h/λ of the potential given in Eq. (33).
In the (q(1) = 2, q(2) = 2, q(3) = 1) ase, the kink and
antikink repel and simply boune o eah other elasti-
ally.
VI. SUMMARY AND DISCUSSION
As we have illustrated in the previous setions, kink-
antikink interations in SU(N) × Z2 an be of dier-
ent types with many possible outomes depending on the
hoie of the parameter values.
In order to see how a pair of kinks will interat, one
generally needs to speify the potential V (Φ) and evalu-
ate the interation energy between the two kinks. How-
ever, we have shown that to a very good approximation
the nature of the interation an be determined by eval-
uating Tr[Q(1)Q(2)], where Q(1) and Q(2) are the harges
of the two kinks dened by Eq. (10). In partiular, we
have shown that kinks and antikinks may attrat or re-
pel depending on their relative orientation in the internal
spae. This is similar to interations between global O(3)
monopoles, where the relative phase, not the topologial
harges, is what determines the nature of the interation
[17℄.
In our study of kink-antikink ollisions in SU(5)× Z2
we have seen a general tendeny for larger mass topolog-
ial kinks to split into fundamental kinks of the theory,
suh as the q = 2 kink. This suggests that kink-antikink
interations in SU(N)×Z2 an be desribed in terms of
interations between fundamental (i.e. globally stable)
q = (N − 1)/2 kinks. Namely, given the onguration of
two kinks, one would look for the least energy ongu-
ration of q = n kinks that would have the same global
topology as the original pair of kinks. The outome of
the interation would then be redued to interations be-
tween attrative or repulsive pairs of q = n kinks.
We have not investigated the detailed dependene of
the dynamis of kink-antikink ollisions on the initial ve-
loities. Part of the reason is that the outome strongly
depends on the stability properties of eah of the solitons
and our numerial methods do not give us the possibility
of properly aounting for all instabilities that an our
in the model. Eah kink, exept for the fundamental one,
is unstable in a dierent way, namely, along a dierent
diretion in the internal spae of SU(5), and also depends
on the partiular hoie of the potential. It is possible
that a more detailed study would reveal a onnetion
with earlier work on Q balls [18℄ and global U(1) strings
[19℄, where is was observed that at very high ollision ve-
loities fragmentation of solitons is generally suppressed.
Suh a study ould be a subjet of future work.
From the equations of motion it follows that if the
Higgs eld omponents along non-diagonal generators of
SU(5) were zero at the initial time, they would remain
zero at all times, whih was the ase in our simulations.
However, exept for the q = 2 topologial kinks, kink so-
lutions an be unstable against perturbations along non-
diagonal generators of SU(5) [13℄. In a realisti domain
wall formation senario one would have to allow for all
omponents of the Higgs to be exited and only stable
walls would survive. Depending on the rate of the phase
transition, temporary formation of unstable kinks will or
will not be relevant. Nevertheless, stable and unstable
kinks are solutions of the lassial eld equations and
their interations may beome important whenever an
exat or approximate SU(N) × Z2 symmetry is present
in a theory.
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